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MV-Algebra Pasting

Ferdinand Chovaned-? and Maria Juretkoval

Received April 17, 2003

Z. Riecanowd proved that every D-lattice is a set-theoretical union of MV-algebras.
These MV-algebras are blocks in the D-lattice. There is a dual question: How can we
construct a D-poset from a given collection of MV-algebras. To solve this problem we
use the “pasting” technique. We define an admissible system of MV-algebras and we
prove that the pasting of this system is a D-poset.
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1. INTRODUCTION

IN1992, inthe study of axiomatic systems of fuzzy setgpkd (1992) defined
a new algebraic structure, a so-caltéflerence posein short aD-pose} of fuzzy
sets where a difference of comparable fuzzy sets was a primary operation. A gen-
eralization of a D-poset of fuzzy sets to an abstract partially ordered set, where a
primary operation is a partially defined difference, yields a very general and, at the
same time, a very simple structure-difference posdfa D-pose}. An alternative
structure to a D-poset based on a partial binary sum operationeffext alge-
bra (Foulis and Bennett, 1994) (ansharp orthoalgebrgGiuntini and Greuling,
1989)). Although these frameworks are algebraically equivalent, they originated in
completely different starting points and they have their original systems of axioms.
The similar situation can be seen in the theory of infinite-valued (Lukasiewicz) log-
ics, where Wajsberg algebras (Fettal., 1984) and MV-algebras (Chang, 1957)
are the same structures. In the difference posets theory, an MV-algebra is charac-
terized as a D-lattice (lattice ordered D-poset) of pairwise compatible elements.
The results of a special direction in MV-algebras and D-posets research can be
found in Dvureeenskij and Pulmannav(2000).

RieCanow (2000) proved that every D-lattice is a set-theoretical union of
maximal mutually compatible sub-D-lattices (i.e., maximal sub-MV-algebras),
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called blocks. Jer® (2001) generalized this assertion for homogeneous effect
algebras.

Now, a natural dual question arises: How can we construct a D-poset from
a given collection of MV-algebras? To solve this problem we use the “pasting”
technique. A method of construction of quantum logics making use of the pasting
of Boolean algebras was originally suggested by Greechie (1971). In the present
paper, we give a generalization of this method.

2. BASIC DEFINITIONS AND FACTS

Let P be a bounded partially ordered set with the least elemerdar@l the
greatest oneA. Let© be a partial binary difference operationBrsuch that there
existsb © ain P if and only ifa < b and the following axioms hold.

(D1)ae 0p = aforanya e P.
(D2)a <b <cimpliescob<coaand¢coa)o(cob)=boa.

The structure®, <, ©, 0p, 1p) is calleda difference posel D-pose}. For
the simplicity of the notation, we shall write instead of P, <, ©, Op, 1p). A
lattice-ordered D-poset is calledalattice.

For any elemerd in a D-poset, the elemenylo ais called theorthosupple-
mentof a and is denoted bg'. The unary operation.: a — a' is an involution
((@H)* = a) and order reversinga(< b impliesb' < al).

A sum of orthogonal elementienoted byp, is a dual partial binary operation
to a difference defined by the formula

adb:=(@-eb?* for abeP,b<al.
LetF = {ay, ..., a,} be afinite sequence in a D-pogtWe define
QP P =(@P - Dag_1)® an,

for anyn > 3, supposing that; & --- P a,_; and @1 d --- ® an_1) & a, exist
in P. We say that a finite systefi = {aj, a, ..., a,} of a D-posetP is &—
orthogonal if a; ® a, @ - - - @ a, exists inP and then we write

n
uao - da=Pa.
i=1

An arbitrary systenG of P is @—orthogona) if every finite subsystem d& is
@—orthogonal.

Elementsa andb from a D-posetP arecompatible(a <> b), if there exist
c,dePsuchthat<a<d,c<b<danddea=boc.

If P is a D-lattice, them < bifand onlyif@vb)eoa=bo (aAb).
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Kodpka (1995) studied the compatibility in D-posets and definBdbalean
D-poset

A posetP with the least element®and the greatest elemeng 1s said to
be aBoolean D-poseif there exists a binary operation-" on P satisfying the
following conditions.

(BD1)a — 0p = aforanya € P.

(BD2)a— (a—b) =b— (b—a) for everya, b € P.
(BD3)a,b e P,a <bimpliesc—b <c—aforanyce P.
(BD4) @—b) —c=(a—c)—bforeverya,b,c e P.

Properties of Boolean D-posets were studied in Chovanec apla&(1997).
Itwas shown that a Boolean D-poset is a D-lattice of pairwise compatible elements
and vice versa. (We note that an orthomodular lattice of pairwise compatible
elements is a Boolean algebra.)

An MV-algebrais an algebra, +, %, 0, 1), whereA is a nonempty set, 0
and 1 are constant elements4f+ is a binary operation anglis a unary operation
satisfying the following axioms.

(MVAL) (a+b) = (b + a).

(MVA2) (a+b)+c=a+(b+c).
(MVA3) a+ 0 = a.

(MVA4) a+1=1.

(MVA5) (a*)* = a.

(MVAB) 0* = 1.

(MVA7) a+a* = 1.

(MVA8) (a* + b)* +b = (a+ b*)* +a.

The lattice operations andA are defined in any MV-algebra by
avb=@" +b)*+b and aAb=(a+b*)*+b*)*

We writea < b, if av b=Db. The relation< is a partial ordering on4d and
0 <a <1 foranya € A. An MV-algebra is a distributive lattice with respect to
the operations’ andA.

We put

a—b=(@"+b)* forevery a,beA.

Then an MV-algebrad becomes a Boolean D-poset.
Conversely, let®P, —, Op, 1p) be a Boolean D-poset. Let us put

a*=1p—a forany ae?P,
and

at+b=("—h)" forevery a,be?P.
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Then (P, +, *, Op, 1p) becomes an MV-algebra. Consequently, Boolean D-posets
are algebraically equivalent to MV-algebras. In the present paper, we shall use the
notion of an MV-algebra instead of a Boolean D-poset.

By ao-completeD-poset we mean a D-posBtsuch that for any countable
sequencéa,}> ; of elements of” the least upper bounyl - , a, and the greatest
lower bound/\,2; @, existinP.

For reader’s convenience we present some propertiesreé@nplete MV-
algebraA. If {a,}32, C A, then the following assertions are true for everg A.

() b= Anzian = V(b —an).
(i) b—VoZyan = Ansa(b — ).
(ii)) (\VpZ180) —b =\ y(an —b).
(iv) bA(ViZpan) = Voly(b A an).
(v) If & Anaj =04 fori # j, then the sequenda, )52, is @—orthogonal
and@,; & = \Vplian.

A nonzero elemena from a D-posetP is calledan atomif the inequality
b < a entails eitheb = O orb = a. A D-posetP is said to beatomicif for any
nonzero elemertt € P there exists an atom € P such thag < b.

3. MV-ALGEBRAS PASTING

Definition 1. Let P be a D-poset and/ be a set of all nonnegative integers.

(1) An orthogonal multipleof an element € P is defined recurrently as

follows.
(i) Oa:=0p.
(i) la:=a.

(i) na:=(n—1)a® awheneveri—1)a <al,n> 2.

(2) The maximal nonnegative integerc A such that an elementa exists
in P is called arisotropic indexof a and we denote it(a). If na exists
for every integen, thent(a) = oco.

It is obvious that the equality(0p) = oo holds in every D-poset.

Lemma?2. Ao-complete D-poset has no nonzero elements with infinite isotropic
index.

Proof: LetP be as-complete D-poset and let for sorae> 0p bet(a) = +oo.
Denotingbyay =a,a =2a,...,an=na,..., weputb=\/o~, a,. Thena<b
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and
o0 o0
boa= <\/ )ea:\/(anea)
n=1 n=1
=0pvav2av---Va,_1VayVv---=h
This is equivalent t@ = Op, which contradicts the assumptiar> Op. O

We note that an MV-algebra is a Boolean algebra if and only if the isotropic
index of every nonzero element is equal to one.

Let.A be an atomic MV-algebra. We shall denote(b) the set of all atoms
of A and by|A| the cardinality of a sef\, whereA C (A).

Definition 3. Let S={A;:t € T, T is an index setbe a system of atomic
o-complete MV-algebras. LeA and B be finite sets of atoms such thatc
(At), B C (As) fort £ s, and|A] = |B|. We say that the set& andB areequiv-
alent with respect to isotropic indiceand write A ~, B, if one of the following
conditions hold.

(1) A=gandB=4.

(2) If ae A, then there existb € B such thatr(a) = r(b), and moreover,
if a1, ax € A and a; #ap, then there exist atomb,, b, € B such that
t(a1) = t(b1), T(a2) = v(b2) andby # by,.

We remark that ifA~, B, then there exists a bijectiap from A onto B
defined as followsp(a) = b if and only if 7 (a) = 7 (b).

It is easily seen thaA~, B implies B ~, A and, in addition, ifA, B, C
are three mutually different atomig-complete MV-algebras fron$ such that
Ac(A),Bc(B),Cc{(C), A~,BandB~,C, thenA~,C.

Definition4. LetS ={A; : t € T}beasystem of atomic-complete MV-algebras
and let the following conditions hold for arbitrary three MV-algebrésB, C
from S.

Q) If Ac(A), Bc (B)andA~, B,thenAd\ A#¢and(B) \ B# . More-
over, if (A) \ A={a} or (B) \ B={b}, respectively, then(a)> 1 and
7(b)> 1.

(2) If A, ,Cc{A), AiNA; = @, ALUA=(A), BC (B), Cc{C) such
that A; ~, B, A, ~; C, then there exist nonempty seBs andC; such
thatB; Cc (B)\ B,CyC (C) \ C andB; ~, C;.

ThenS is said to be amadmissible systemf MV-algebras.
Now we define a relation- on the union ;. A; of an admissible system
S of MV-algebras.
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Definition 5. Let{S = 4; : t € T} be an admissible system of MV-algebras. For
every pair of MV-algebrasi; and.As we choice a pair of setd and B of atoms
such thatA c (A;), B C (As), andA~, B.

(1) We define @, ~ 0,4, and 14, ~ 14, wheneverA={ andB =#.

(2) If x,ye A, thenx ~yifand only if x=y.

() If xeA, yeAs and A={aj,ap, ...,an}, B={by, by ..., bn},
then x~y whenever x=\/_; pia and y=\/[_, pibi, where
pie{0,1,2,..,(g)}fori=1,2,...,n.

(4) If x ~ythenxt ~y*,

Lemma 6. Let{S=./4;:teT} beanadmissible system of MV-algebras. Then
04, ~ 04, andly, ~ 14, forarbitrary s,teT.

Proof: Let s teT, AcC(A) and Bc(As) such that A~,B and
A={ay,ap,...,an},B={by, by, ..., by}. Ifweputp, =0foranyi =1, 2,...,n,
then Qy, = \/{_, Oa;, 04, = \/i_; Oby and so Oy, ~ 0,4,. From (4) of Definition 5
we have immediately 4, ~14,. O

Theorem 7. LetS ={A; :t € T} be an admissible system of MV-algebras. The
relation ~ is an equivalence relation dpj; .1 A:.

Proof: The reflexivity and symmetry are obvious. To prove the transitivity we
assume tha#, B, C € S are different MV-algebras anxle A, y e B, ze C such
thatx ~ y andy ~ z. This follows that there exist sefs, B, C such thatA c (A),

Bc (B),Cc{C)andA~,.B,B~,C.If A=¢,thenB=@andalsaC =@. Then
eitherx=04 orx=14. If x=04 theny = Og and as wellag=0¢, hencex ~ z.
Similarly if x=14.

Now let A={aj,ap,...,an}#¥. Then B={by, by, ...,by}#0@ and
C={c,Cy,...,Cn} #0. There are two possibilities: eithex = \/i”=l pi &
and theny=\/", pibi, or x= A_;(pia)* and theny= A, (pibi)*,
where p; €{0, 1, 2,..., (&)} for i =1, 2,...,n. In the first case necessarily
z= /", pici, which gives thak ~ z. Similarly it is in the second case. O

Theorem 8. Let A be an atomic o-complete MV-algebra and
A={aj, ay, ...,an} C (A).Letu,v be elements fro such that v= \/i”=1 ga,
where0<q <t(&), i=1,2,...,n. Then u<v if and only if u=\/\_, pia,
whereO< p; <q fori=1,2,...,n.
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Proof: Letu<v. First observe that there exists no atama (A) \ A such that
a <u. Indeed, if an atom a like this existed, then

n n
a=aAu<aAv=aA (\/q@) = \/a/\(Qiai) = 04.
i=1 i=1
Becauseu A (t(a)a) < t(a)a;, there existsp; such that O< p; < z(g), and
henceu A (z(&)a) = pia.
We puta = \/{_, 7(&)a;. Thenu <v <« and consequently,

n

u=UAa=U/\<\/r(a;)ai> =\ ua@@)a)=\/pa.
i=1 i=1

i=1

Suppose that there exispg such thatpx > g for somek € {1, 2,...,n}. Then
Pxax > gkax. On the other hand we have

Prak = (Pkai) A U < (Pri) AV = (Prai) A (\/qia)
i=1

= \/((pca) A (G&)) = (Pra) A (dkak) = Gk,
i=1

which is contradiction with the assumptiqgnay > qxax, therefore,p; < g for all
i=1,2,...,n. O

Corollary 9. Letu= A_;(pia)t, 0< p < t(a). Then u<v if and only if
v=A"(ga)t, where0<qg < p fori=1,2,...,n.

Theorem 10. Let S={A; :t € T} be an admissible system of MV-algebras and
AcC (A;) and BC (As) such that A~, B. Let x u, € A; and y, v € Ag such that
x ~y and u~v. The following assertions are true.

(1) u=ex if and only if v<gy, and moreover, ®;u~Yy©sV, Where<y,
<s are pratial orderings, ando;, Ss, are differences ond; and As,
respectively.

(2) uvix~vvgyandua; X ~ Vv Ag Y, wherevi(Vs)isthe unionand\(As)
is the meet o (As).

Proof: For simplicity of notation, we shall write (6, Vv, A) instead of<; and
<s (6t andSs, V¢ andvs, A¢ andAg).

(1) Let(A;) ={a1, az, ..., am} beasetofallatoms of; andA={ay, ay, .. .,
anl C (A), where n<m, and B={bg, by, ...,by}C({As). Put
a=\_,t@)a and B=\_;t(b)b. It is visible that o ~p
anda Vot =\, t(@)a =1y
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There are only two possibilities: eithex = \/_, pia or
x= AlLi(pa)*. If x= /., pa, theny= \/[_, pibi. The inequality
u < x implies thatu= \/{_, g &, whereg < p; fori =1, 2,...,n. Then

v= Vi gb < Vi pb=y.
Let us calculate

n n

X9U=X—U=<\/piaa> (\/q )

i=1 i=

j=1

\n/ (pia - \n/qja,) \n//n\(pla aja;)

i=1 j=1 i=1j=1

n

=\/(p. & — Ghan) A A (P& — Gia) A A(Pid — Gndn)

=\(Pa)A-A((p—ag)a) - A(pa)=\/(p —q)a.
i=1 i=1

Likewisey & v = \/{_,(pi — q)bi, consequentlyx ou~yeov.

We note that if x=\/_; pa and u= A_,(ga)", then
al <u<x<a,whichgivesat <a A at =04, a contradiction.

Let x= A (pia)*t. Theny= AL,(pib)* and there are two
possibilities: eitheu = A, (ga)* oru= \/{_, ga. In the first case
in the inqualityu < x gives thatp; <q fori=1,2,...,n. Thenv =
Ai@b)*t < AlLi(pibi)* =y and

n n n
xou=u-oxt= <\/qjaj> S (\/ piai> = \/(Qj - Pj)aj.
j=1 i=1 j=1

In like manner we obtainyov= \/?=1(Qi — pj)bj, which yields
XOu~yov.
Now we assume that= A!_;(pia)* andu=\/{_, ga. Then

n

\n/qiai —U=UA@ <XAad=XA (Vr(a)a) :\n/xx\r(ai)ai
i=1 i=1

i=1

\ (\/(pjaj)l> Ar@)a = \/(pa)t Ar(@)a
i=1 \j i=1

=}

=\/(z(@@)a o pa)=\/(z(a) o p)a.

i=1 i=1



MV-Algebra Pasting 1921

Henceq < t(g) S pi, which givesp +¢q <t(g) fori=1,2,...,n.
The inequalityu < x implies thatx* @ u exists in4; and

Xt @u= (i\Zpia> eai\n/lqia = <|Gn? na) ® <@qia—>
= @(pi +Ga = (i\:n/l(pi +qi)a.

Thenx o u=(x* @ u)* = AL ((p +a)a)*.
On the other hand we havg>yA g = A", (z()© p)bi >
Vi gb=vandalsoyov=\/"_,((p +g)b)t consequently (1) is
proved.
(2) There are four possibilities.
() Letx=\/_; pia andu=\/{_; ga. Then

XVu= <.\=n/1 piaa> v (I\:/lq|a|> = i\:n/l(Diai Vaia)

(max{pi, o })a;

Lz

and in the same manner we obtgiv v = \/inzl(max{ pi, g Db,
which yieldsx vu ~yvv.

(i) We note that a)* v pa=(min{q, z(a) — p}a)* for every atom
afromA;,0<p=<rt(a@),0=<q < t(a).Indeed,
(@a)" v pa=(z(a)ao (r(a) - q)a)" v pa
= ((z(@a)" & (z(a) — 9)a) v pa
= ((r(@a)" v (z(a) —a)a) v pa
= (z(@a)" v ((z(a) —a)a v pa)
= (r(a)a)" v maxz(a) — g, pla
= t(a)a" @ maxz(a) — g, pla
= (r(a)a© maxz(a) - q, pja)*
= (min{q, 7(a) — pla)*.
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If x =\/[_; pra andu = A{_,(Gi&)*, then

uvx:i/i\l(qiai)Lv<\i/lpjaj> /\((qlal) V<\/ plaJ)>

i=1

A (\/ piay v(qiau)L) _ Alpa v @a))
=1 j i=1

/\(mln g, 7(@) — pila)’.

Similarlyv v y= /\i”:l(min{qi , T() — pilb)t, so thatu v x ~
VVYy.

(iiy If x= A_,(pa)* and u=\/_,qa, then xvu=A",
(min{p;, (&) —gla): and yvv= A (min{p, (b)) —
qitbi)*.

(iv) Finally, letx = Al_;(pia)* andu = A;(ga)*. Then

XV Uu=(x"Aut <<\/pI >/\<j\i/1q,-a,->>l
=<i\:/l(pieu /\Qiai)> =(i\:n/lmin{loi,qi}au>L

= /\(min{p;, g }a)*,
i=1

and by analogy v v = A, (min{p;, gi}b)*. With respect to (4)
of Definition 5, the proof of complete. O

Let X be the equivalence class determinedk@ndP be the quotient set, i.e.

X = {yeUAt:yfvx} and P:{Z:erAt}.
teT teT
The setP is called anMV-algebras pasting
If we denoteA; = {X : X € A}, thenP = Uier Ay;. We prove that an MV-
algebras pasting is a D-poset. To prove this, we first define a partial ordering
onp.

Definition 11. LetP be an MV-algebras pasting argdy € P. Thenx < yif and
only if there exist an MV-algebral; and elements, v € A, suchthatiex,vey
andu <, v.



MV-Algebra Pasting 1923

Theorem 12. The relation< is a partial ordering onp.

Proof: The reflexivity is visible.

Letx € Ay andy € Assuchthak < yandy < x. Thenthere are MV-algebras
A, A, forry, r,eT, and elementsiy, va, Uy, Vo such thatuy, vi € Ay, and
X~Ug, V1 ~Y, U; <;, V1 anduy, vz € A, andy ~ Uy, Vo ~ X, Uz <, V2. On the
other hand we have that ~ v,, v1 ~ Uz and, considering Theorem 10, we obtain
thatv, <, up, which givesv, =u, and hencex=v,=U; = y.

Now we prove the transitivity. Suppose that A;, y € Asandz € A, such
thatx < y andy < z. Then there exist MV-algebra4;, and.4,, and elements;,
vi1 € A, anduy, va € A;, suchthak ~ ug, y ~ Vi, Y ~ Vp,Z~ uzandu; <y, vq
andv, <, uy. Because of; ~ v, there exist set& and B such thatA C (A,),

B C(Ar,) andA~, B. Let A={aj, ap, ..., ay} andB={by, by, ..., by}. There
are two possibilities: eithen, = \/{_; gia orvs = A/_;(ga)*, where 0< g <
(g) fori=1,2,...,n.

If vi=\/_,ga,thenv, = \/"_, gibi. The inequalityu; <, v, implies that
ur=\/_, pia, where 0< p, < ¢q fori=1,2,...,n. We putu= \/_, pibj.
Thenu € A, andu ~ u; ~ X, U <, Vp andu, ~ z, which gives thak <z

If vi= Alj(ga)t then vo,= A’ (gb)*. Using Corollary 9 we
obtain u, = A,(pibi)t, where 0<p <q for i=1,2,...,n. Putting
u= /\inzl(pia,-)l we getu € A, U~ uz ~ zandu; <, vi <q, u, accordingly,
X<z O

Corollary 13. LetX, Y,z e P such thatx <y < z. Then there exist an MV-
algebra A; and elements w, w € A; such that ue X, ve y, we z and u<;
vV <t W.

Itis evident that the MV-algebras pastiftgs a partially ordered set with the
greatest elemert,, (we shall denote it byA) and the least elemefy, (we shall
denote it by @).

Now we shall define a partial binary operatisnon P as follows. Letx,

y € P such thak < y. Then there exist an MV-algebs4 and elements, v € A;
such thau € X, v € y andu < v. We put

y@iZV@tU,

whereoy is a partial difference operation on the MV-algebta It is easy to verify
thato satisfies the axioms (D1) and (D2) of the difference operation. Now it is
visible that the following theorem is true.

Theorem 14. LetP be an MV-algebras pasting of an admissible sysfeifihen
(P, <, 1p, 0p, ©) is a D-poset.
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Theorem 15. Let {4, B} be an admissible system of MV-algebras. Then the
MV-algebras pasting® = .A U B is a D-lattice.

Proof: Itis not difficult to prove that4, B and.A N B are sub-MV-algebras 6.
Let A C (A) andB c (B) such thatA ~, B.

(i) At first we assume thaA=¢ and B= 9. ThenANB = {Op, 1p}. If
X, Y € P such thatx, Ve Aorx, yeB)thenxvyeACP(orxv
y e BCP).

Letx eA\Bandye B\ A. We prove thak v y = 1p. IfweP
such thak < w andy < w then the first inequality gives € A and the
second onev ¢ B, thereforew € AN B. Hencew = 1p.

(i) Let (A)={a;,a,...,am} be a set of all atoms ofA and
A={ay,ay,...,a,} C (A), wheren<m, and B={by,b,, ..., by} C
(B) ={by, by, ..., by}, wheren< k.

We putes= /', t(&)a and 1= V- 1 7(b)bi. Let us denote by _andx_l
the equivalence classes such thatg; € « anda, by € X, fori =1, 2,.
Evidently, X; are atoms indnBfori=1,2,...,n ‘We prove that(AﬂB)
(X1, %2, ... %, ot} is the set of all atoms otém[)’ Indeed, if there exists
X € AN B for someke(l,2,...,n} such thatX < o, then a <4 0i =
Ali(z(@)a)t <4 (r(a)a)*, which contradicts the maximality of (ax)ax).
Supposethate A\ B,ye B\ A,u € Aandv € Bsuchthatie xandv €y.
Then

m

u=\/p a—\/nav \/ pa = UV Uy,
i=1

i=1 i=n+1

whereu; € AN gandu_z € ff\ B. Likewise

V= \/q.b = \/q.b \Y, \/ gb =viVvvy,
i i i=n+1
wherev; € AN Bandv; € B\ A. Visibly U7 v Vi € AN B.
Setz=U1V Vi, a2 = \/im:n+1 7(a)a andB; = \/!;n+1 7(b;)b;. Because
m
4= \/T(ai)ai =1 Var=a;®ay,
i=1
we havea, = o; and alsof, = ;. Furtheruy < ap = af andv, < B = B,
thence it followsl; < ot andv; < at. Thenzv a+ e ANBandx < zVv o+ as
wellasy < zZv a*. o
Letw € P suchthak < w andy < w. Thenw € AN B and there are/; €
A andw; € B such thatvy, w, € w. The inequalityx < w implies thatu <4 w;
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and hencel; <4 w;. Analogicallyv, <z wy, which givest; < w andvy < w,
S0Z=TU;VV] <W.
Now we prove thak™ < w. Because

WeANnB and (ANB)={X,%,..., %, a )
we get
n
W = (\/rix_1> Vrgat,
i=1

where 0< r; < 7(X) = (&) = =(by) andrg € {0, 1}. If rop = 0, then usingi; <
W we obtain

uy

n
A <Waat = (\/rix_l) Aot
i=1

|
<

(rixe Aat) = Op,

1

a controversy. Thew > o, thusw > ZVv at. We proved thak vy = Zv at

and sdP is a D-lattice. O

The properties of an MV-algebras pasting depend on the choice of the equiv-
alent sets (with respect to isotropic indices) and on types of pasting MV-algebras.
Let S ={A;:t e T} be an admissible system of MV-algebras atydC
(Ap), As C (As) such thatA; = ¥ and As = ¥ for everys, t € T. Then the MV-
algebras pastin@ of the systens is called the 0-1-pasting. Every MV-algebras
0-1-pasting is a D-lattice, especially, a Boolean algebras 0-1-pasting is an ortho-
modular lattice.

Theorem16. LetS = {A; :t € T}be anadmissible system of MV-algebras and
P = Ut At be an MV-algebras pasting. R is a lattice, then4; are blocks in
Pforallt eT.

Proof: We prove that every; is the maximal compatible set iA.

Letz € P andz «> x for all X € A;. Let us assume that ¢ A;. Then there
exists an MV-algebrads € P such thatz € As\ A;. We choosec such thaix €
A \ As. Let A C (A;) andB C (As) such thatA ~, B.

(i) If A=¢andB = @thend; N As = {Op, 1p}. Itfollows thatz v X = 1p
andz A X = Op. The compatibility ofz andx gives gvX)oz=X©o
(zAX), that is 3> ©Z= x € A;. This contradicts our assumption that
zg A.
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(i) Let A @andag € (A;) \ A. Thenag € A \,IS and by the assumption
we havez <> ag. Becaus& A 8y = 0p andz v @ € A; N As, we gelz =
Z6zZA3 = (zV ) © 7 € Ay, acontradiction.

We proved that the compatibili/< X for all X € A; follows Z € A;, which
vindicates the maximality ofl;. O

There remains the open problem to establish the necessary and sufficient
conditions such that an MV-algebras pasting is a lattice.
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